
1/62

‖J I‖

J I

GoBack

FullScreen

Close

Quit

AAA^̂̂���ÅÅÅLLL§§§

ÜÜÜ ÅÅÅ ûûû ÍÍÍ """ ���

¥¥¥III<<<¬¬¬���ÆÆÆ ÚÚÚOOOÆÆÆ���



2/62

‖J I‖

J I

GoBack

FullScreen

Close

Quit

1111ÙÙÙ ýýý������£££

• 1.1 VÇ�m
• 1.2 �ÅCþ�©Ù¼ê¶
• 1.3 êiA�!Ý1¼ê�A�¼ê
• 1.4 Âñ5
• 1.5 Õá5�^�Ï"



3/62

‖J I‖

J I

GoBack

FullScreen

Close

Quit

§1.1 VVVÇÇÇ���mmm

�ÅÁ�´VÇØ�Ä�Vg§Á��(J¯kØUO

(/ýó§�äkXen�A5:

(1)�±3�Ó�^�e­E?1¶

(2)zgÁ��(JØ���,�ýk��Á��¤k�

U�(J¶

(3)zgÁ�cØU(½=�(J¬Ñy.
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��:(ω)µ �ÅÁ��Ä�(J

���m(Ω)µ �ÅÁ�¤k�U(J|¤�8Ü

Ä�¯�µ Ω¥���:ω

7,¯�µ ���mΩ

Ø�U¯�µ �8∅
¯�µ dÄ�¯�|¤�Ω¥�f8A
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½½½ÂÂÂ 1.1.1 �Ω´�����m(½?¿��8Ü)§

F´Ω�,
f8|¤�8Üx. XJ÷vµ

(1) Ω ∈ F;
(2)eA ∈ F§KAc = Ω \A ∈ F¶
(3)eAn ∈ F , n = 1, 2, · · ·§K

⋃∞
n=1An ∈ F¶

K¡F�σ�ê. (Ω,F)¡��ÿ�m§F¥���¡��Å
¯�.

555: XJF´¯��σ�ê§K(1) ∅ ∈ F; (2) �An ∈
F , n = 1, 2, . . .§

⋂∞
n=1An ∈ F.

±Ω�,
f8����8Ü¡�(Ωþ�)8a. é

uΩþ�?���8aC§�3�¹C���σ�ê§=⋂
{H|H��¹C�σ�ê}§¡�dC)¤�σ�ê§P�σ(C).
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½½½ÂÂÂ 1.1.2 �Ω = R. d¤k�Ã�«m(−∞, x))

¤�σ�ê(=�¹8x {(−∞, x), x ∈ R}���σ�ê)¡

�Rþ� Borel σ�ê, P�B(R), Ù¥���¡� Borel

8Ü. aq/§�½ÂRnþ�Borel σ�êB(Rn).

½½½ÂÂÂ 1.1.3 �{An, n ≥ 1}��8ÜS�.-

lim sup
n→∞

An =
∞⋂
n=1

∞⋃
k=n

Ak; lim inf
n→∞

An =
∞⋃
n=1

∞⋂
k=n

Ak

©O¡Ù�{An}�þþþ444���Úeee444���(þ4�k��P�{An, i.o.}).
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w,k

lim sup
n→∞

An = {w|wáuÃ¡õ�An} = {w|∀n ∈ N, ∃k ≥ n,¦w ∈ Ak}

lim inf
n→∞

An = {w|w�õØáuk�õ�An} = {w|∃n ∈ N,∀k ≥ n,kw ∈ Ak}

l
ðklim infn→∞An ⊂ lim supn→∞An.

elim infn→∞An = lim supn→∞An§K¡ {An}�4��
3§¿^limn→∞AnL«§=-limn→∞An = lim infn→∞An =

lim supn→∞An.

AO/§eéz�n§kAn ⊂ An+1(�A/§An ⊃
An+1)§K¡{An}�üNO(�A/§üNü).éüNO½

üNüS� {An}§·�©O-A =
⋃
nAn½A =

⋂
nAn§

¡A�{An}�4�§Ï~P�An ↑ A½An ↓ A.
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~~~1.1.1 �k,<3�E/Ý�M1§*	M1�þ�

¡´�¡½�¡. Ω = {¤kdÝ�(J�¡Ú�¡|¤�S�},
F = {Ω�¤kf8}, PAn�1ngÝ��´“�¡”�¯

�§K

lim sup
n→∞

An = {kÃ�õ�Ý�(J´“�¡”}

lim inf
n→∞

An = {Øk�õ�	§Ý�(JÑ´“�¡”}
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½½½ÂÂÂ 1.1.4 �(Ω,F)´�ÿ�m§P (·) ´½Â3Fþ
�¢�¼ê.XJ

(1) P (Ω) = 1¶

(2) ∀A ∈ F , 0 ≤ P (A) ≤ 1;

(3) éüüpØ�N¯�A1, A2, · · ·§(=�i 6= j�§

Ai ∩Aj = ∅)k

P (
∞⋃
i=1

Ai) =
∞∑
i=1

P (Ai)

K¡P´(Ω,F)þ�VÇ§ (Ω,F , P )¡�VÇ�m§F¥�
��¡�¯�§P (A)¡�¯�A�VÇ.
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¯��VÇkXe5�µ

(1) eA,B ∈ F,KP (A ∪ B) + P (A ∩ B) = P (A) +

P (B).

(2) eA,B ∈ F,�A ⊂ B§KP (B − A) = P (B) −
P (A)(�~5).

(3) eA,B ∈ F,�A ⊂ B§KP (A) ≤ P (B)(üN

5).

(4) eAn ∈ F , n ≥ 1, KP (
⋃
n≥1An) ≤

∑
n≥1P (An).

(5) leëY:

eAn ∈ F�An ↑ A ∈ F§KP (A) = limn→∞P (An).

(6)lþëY:

eAn ∈ F�An ↓ A ∈ F§K P (A) = limn→∞P (An)
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XJVÇ�m(Ω,F , P )�P"ÿ8(="VÇ¯�) �

z�f8E�¯�§K¡�����������VVVÇÇÇ���mmm. �
;

�P"ÿ8�f8Ø´¯���/Ñy§·�rVÇÿÝ�

�z. -N�LΩ�¤kP"ÿ8�f8��N§d{F ,N}
)¤�σ�ê (=�¹FÚN���σ�ê)¡�F���z§
P� F. F ¥�z�8ÜB Ñ�±L�B = A ∪ N§Ù
¥A ∈ F, N ∈ N , �A ∩N = ∅. ½Â

P̄ (B) = P̄ (A ∪N) = P (A)

KPÒ�*Ü�Fþ.

N´�y§P̄´Fþ�VÇÿÝ§8¼êP̄¡�P��
�z. �Öob½P´���VÇÿÝ.
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§1.2 ���ÅÅÅCCCþþþÚÚÚ©©©ÙÙÙ¼¼¼êêê

½½½ÂÂÂ 1.2.1 �(Ω,F , P )´(���)VÇ�m§X´½

Â3Ω þ��u¢ê8 R�¼ê, XJé?¿¢êx ∈
R, {ω : X(ω) ≤ x} ∈ F§K¡X(ω)´Fþ��ÅCþ§{
¡��ÅCþ.

F (x) = P (ω : X(ω) ≤ x), −∞ < x <∞

¡��ÅCþX�©Ù¼ê.

XJ�3¼êf(x), ÷v

F (x) =

∫ x

−∞
f(t)dt

K¡f(x)��ÅCþX½Ù©Ù¼êF (x)�©Ù�Ý.

XJXäk©Ù�Ý, K¡X�ëY.�ÅCþ;



13/62

‖J I‖

J I

GoBack

FullScreen

Close

Quit

XJX�õ±�VÇ��êõ��,K¡X�lÑ.�

ÅCþ.

½½½ÂÂÂ 1.2.2 ü��ÅCþX�Y , XJ÷vP (ω ∈ Ω :

X(ω) 6= Y (ω)) = 0, K¡§�´�d�.

555µµµéuü��d��ÅCþ§·�À�Ó�.

½½½nnn 1.2.1 e�·K�dµ

(1) X´�ÅCþ¶

(2) {ω : X(ω) ≥ a} ∈ F , ∀ a ∈ R¶
(3) {ω : X(ω) > a} ∈ F , ∀ a ∈ R¶
(4) {ω : X(ω) < a} ∈ F , ∀ a ∈ R.

555µµµS.þò{ω : X(ω) ≥ a}P�{X ≥ a}
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½½½nnn 1.2.2 (1)eX,Y´�ÅCþ§K{X < Y }, {X ≤
Y }, {X = Y }9{X 6= Y } ÑáuF¶

(2) eX,Y´�ÅCþ§KX ± Y�XY½,¶
(3) e{Xn}´�ÅCþS�,KsupnXn, infnXn,

lim supn→∞Xn Ú lim infn→∞XnÑ´�ÅCþ.

N�X : Ω → Rd§L«�X = (X1, · · · , Xd)§eé¤

k�k, 1 ≤ k ≤ d, XkÑ´�ÅCþ§K¡X��Å�þ.

E��ÅCþZ½Â�ü�¢��ÅCþXÚY��5

|ÜX + iY .

�½�ÅCþX§�±)¤Ωþ�σ�ê§=�¹¤k

/X {X ≤ a}, a ∈ R���σ�ê§P�σ(X). aq�½

Âd�ÅCþX1, · · · , Xn)¤� σ�êσ(X1, · · · , Xn).
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~^�ü«a.�ÅCþµ

(1) lÑ.�ÅCþX�VÇ©Ù^©Ù�£ãµ

pk = P (X = xk), k = 1, 2, · · ·

Ù©Ù¼ê F (x) =
∑

xk≤x pk.

(2) ëY.�ÅCþ X�VÇ©Ù^VÇ�Ýf(x)£ã§

Ù©Ù¼ê

F (x) =

∫ x

−∞
f(t)dt.

(3) éu�Å�þX = (X1, · · · , Xd), §�(d�)©Ù¼ê

£½éÜ©Ù¼ê¤ ½Â�

F (x1, · · · , xd) = P (X1 ≤ x1, · · · , Xd ≤ xd)

ùpd���ê§xk ∈ R, k = 1, 2, . . . , d.
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½½½nnn 1.2.3 eF (x1, · · · , xd)´éÜ©Ù¼ê§K
(1) F (x1, · · · , xd)éz�CþÑ´üN�;

(2) F (x1, · · · , xd)éz�CþÑ´mëY�;

(3) é i = 1, 2, · · · , d

lim
xi→−∞

F (x1, · · · , xi, · · · , xd) = 0,

lim
x1,x2,··· ,xd→∞

F (x1, x2, · · · , xd) = 1.
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XJf(x1, · · · , xd) = ∂dF
∂x1···∂xd

é¤k� (x1, · · · , xd) ∈
Rd �3,K¡¼êf(x1, · · · , xd) � F (x1, · · · , xd)½
X = (X1, · · · , Xd)�éÜ�Ý¼ê, ¿�

F (x1, · · · , xd) =

∫ x1

−∞
· · ·
∫ xd

−∞
f(t1, · · · , td)dtd · · · dt1

�F (x1, · · · , xd)�X1, · · · , Xd�éÜ©Ù¼ê

1 ≤ k1 < · · · < kn ≤ d§KX1, · · · , Xd�>S©Ù Fk1,··· ,kn(xk1, · · · , xkn)
½Â�

Fk1,··· ,kn(xk1, · · · , xkn)
=F (∞, · · · ,∞, xk1,∞, · · · ,∞, xk2,∞, · · · ,∞, xkn,∞, · · · ,∞)
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�
~�©Ù:

1. òòòzzz©©©ÙÙÙ:e�ÅCþX��~êc§=

P{X = c} = 1

KX¿Ø�Å§�·�r§w��ÅCþ�òz�¹���

B§Ïd¡��òz©Ù§q¡ü:©Ù.

2. Bernoulli©©©ÙÙÙ:3�gÁ�¥§�¯�AÑy�V

Ç�p, 0 < p < 1§ØÑy�VÇ�1−p§e±XP¯�AÑ
y�gê§KX��U��=�0, 1§ÙéA�VÇ�

P{X = k} = pk(1− p)n−k, k = 0, 1
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3. ������©©©ÙÙÙ:3n­BernoulliÁ�¥§�¯�A3zg

Á�¥Ñy�VÇþ�p, 0 < p < 1§±XP¯�AÑy�g

ê§ X��U���0, 1, 2, · · · , n§ÙéA�VÇ�

P{X = k} =

(
n

k

)
pk(1− p)n−k, k = 0, 1, · · · , n

K¡��±nÚp�ëê���©Ù§{P�X ∼ B(n, p).

4. Poisson ©©©ÙÙÙµe�ÅCþX�����K�ê

�§�

P{X = k} =
e−λλk

k!
, k = 0, 1, · · ·

Ù¥λ > 0§K¡XÑlPoisson©Ù§P�X ∼ P (λ).
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5. AAAÛÛÛ©©©ÙÙÙ:3BernoulliÁ�¥§�¯�A3zgÁ

�¥Ñy�VÇþ�p, 0 < p < 1§±XP¯�AÄgÑy�

Á�gê§ X��U���0, 1, 2, · · · ,§ÙéA�VÇ�

P{X = k} = p(1− p)k−1, k ≥ 1

K¡��AÛ©Ù.

6. Pascal©Ù:3BernoulliÁ�¥§�¯�A3zg

Á�¥Ñy�VÇþ�p, 0 < p < 1§±XP¯�A 1rgÑ

y�Á�gê§ X��U���r, r + 1, · · ·§ÙéA�V
Ç�

P{X = k} =

(
k − 1

r − 1

)
pr(1− p)k−r, k = r, r + 1, · · ·

K¡��Pascal©Ù.
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7. KKK������©©©ÙÙÙ:éu?¿¢êr > 0§¡

P{X = k} =

(
k + r − 1

k

)
pr(1−p)k, k = 0, 1, 2, · · · , r > 0

�K��©Ù.

K��©ÙÏ~^uO�Poisson©Ù.ÓPoisson©Ù

��§§�3�K�êþ��§�Ï�§�¹ü�ëê§�

'Poisson ©ÙÙCz�(¹. Poisson©Ù���Úþ�

��§�K��©Ù����uþ�§ù`²�,aêâ8

*ÿ�����uþ��§K��©Ù�'Poisson©Ù�

Ü·.

8. lllÑÑÑþþþ!!!©©©ÙÙÙ:XJ©Ù��

pk =
1

n
, k = 1, 2, · · · , n

K¡��lÑþ!©Ù.
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9. ëëëYYYþþþ!!!©©©ÙÙÙ({¡þ!©Ù):XJ�Ý¼ê�

f(x) =

{
[b− a]−1, e a ≤ x ≤ b
0, Ù¦

Ù¥a < b§K¡��«m[a, b]þ�þ!©Ù.

10. ������©©©ÙÙÙµXJ�Ý¼ê�

f(x) =
1

σ
√

2π
· exp{−(x− µ)2/2σ2}, x ∈ R

K¡��ëê�µÚσ2���©Ù§�¡�Gauss©Ù§P

�X ∼ N(µ, σ2).
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11. d���������©©©ÙÙÙ: �µ = (µ1, · · · , µd)§Σ´d��½

é¡Ý
§¿�Ù1�ª�|Σ|. XJÙéÜ�Ý¼ê�

f(x1, · · · , xd) = (2π)−d/2|Σ|−1/2 exp{−
1

2
(x−µ)′Σ−1(x−µ)}

K¡��d���©Ù§P�X ∼ N(µ,Σ).

12. Γ ©©©ÙÙÙµ XJ�Ý¼ê�

f(x) =

{
λs

Γ(s)
xs−1e−λx, x ≥ 0

0, x < 0

K¡��±s > 0§λ > 0�ëê�Γ©Ù§Ù¥Γ¼ê½Â

�

Γ(s) =

∫ ∞
0

e−xxs−1dx, s > 0
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13. ���êêê©©©ÙÙÙ: XJ3Γ©Ù¥-s = 1§=�Ý¼ê

�

f(x) =

{
λe−λx, x ≥ 0

0, x < 0

K¡���ê©Ù.

14. χ2©©©ÙÙÙ:XJ3Γ©Ù¥�s = n
2
,n´��ê, λ =

1
2
§=

f(x) =
1

2
n
2Γ(n

2
)
x
n
2
−1e−

x
2 , x > 0

K¡��gdÝ´n�χ2©©©ÙÙÙ.
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§1.3 êêêiiiAAA���!!!ÝÝÝ111¼¼¼êêê���AAA���¼¼¼êêê

§1.3.1 Riemann-StieltjesÈÈÈ©©©

�g(x), F (x)�k�«m(a, b]þ�¢�¼ê§a = x0 <

x1 < · · · < xn = b�(a, b]���©�§-

∆F (xi) = F (xi)− F (xi−1), ξi ∈ [xi−1, xi], 1 ≤ i ≤ n,

λ = max1≤i≤n(xi − xi−1), XJ�λ→ 0�§4�

lim
λ→0

n∑
i=1

g(ξi)∆F (xi)

�3§��©��ÀJ±9ξi ∈ [xi−1, xi]��{Ã'§K

¡T4���¼êg(x)'uF (x) 3(a, b]þ�Riemann-
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StieltjesÈ©§P�∫ b

a

g(x)dF (x) = lim
λ→0

n∑
i=1

g(ξi)∆F (xi) (1.3.1)

�F (x) = x�§Riemann-StieltjesÈ©=�RiemannÈ

©. 'uRiemann-StieltjesÈ©�3�^�§ùpØ��

?�Ú�?Ø§��Ñ��{ü�¿©^�µe¼êg(x)ë

Y§F (x)üN§KRiemann-StieltjesÈ©�3. �Ö¥^

��g(x)�ëY¼ê§F (x)�©Ù¼ê§ÏdÈ©��35

Ø¤¯K. �
�¡�I�§òÈ©í2�Ã�«mþµ∫ +∞

a

g(x)dF (x)
.
= lim

b→+∞

∫ b

a

g(x)dF (x)∫ b

−∞
g(x)dF (x)

.
= lim

a→−∞

∫ b

a

g(x)dF (x)
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∫ +∞

−∞
g(x)dF (x)

.
= lim

a→−∞,b→+∞

∫ b

a

g(x)dF (x)

�RiemannanÈ©ØÓ�´∫ a

a−
dF (x) = lim

δ→0+

∫ a

a−δ
dF (x) = F (a)− F (a−)

�F (x)3x = a?ka��§þª���uF (x)3a:��

Ý.�F (x)´���F¼ê�§Riemann-StieltjesÈ©¤

���?ê§=�F (x)3x = xi?k�Ýpi, i = 1, 2, · · · ,K∫ +∞

−∞
g(x)dF (x) =

+∞∑
i=1

g(xi)pi

Riemann-StieltjesÈ©��
Ä�5�µ

(1) �55�:∫ b

a

[αg1(x)±βg2(x)]dF (x) = α

∫ b

a

g1(x)dF (x)±β
∫ b

a

g2(x)dF (x)
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(2) «m�\5µ∫ b

a

g(x)dF (x) =

∫ c

a

g(x)dF (x) +

∫ b

c

g(x)dF (x)

(3)
∫ b
a dF (x) = F (b)− F (a), Ù¥a, bþ��k�ê½

Ã¡�.

(4)
∫ b
a g(x)d[αF1(x) + βF2(x)] = α

∫ b
a g(x)dF1(x) +

β
∫ b
a g(x)dF2(x)

(5)eg(x) ≥ 0§F (x)üNØ~,b > a,K
∫ b
a g(x)dF (x) ≥

0.



29/62

‖J I‖

J I

GoBack

FullScreen

Close

Quit

§1.3.2 êêêiiiAAA���

½½½ÂÂÂ 1.3.1 (1) ���{sk}�lÑ.�ÅCþX�êêê
ÆÆÆÏÏÏ""" ({¡�Ï") E[X]½Â�

E[X] =
∑
k

skpk =
∑
k

skP (X = sk)

XJ
∑
|sk|pk <∞.

(2) ëY.�ÅCþX�êêêÆÆÆÏÏÏ""" E[X]½Â�

E[X] =

∫ ∞
−∞

xdF (x) =

∫ ∞
−∞

xf(x)dx

XJ
∫∞
−∞ |x|dF (x) < ∞, ùpF (x)´X�©Ù¼ê,f(x)´

Ù�Ý¼ê.
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|^Riemann-StieltjesÈ©§éÏ"�Ñ��Ú��

L�ªµ

E[X] =

∫ +∞

−∞
xdF (x)

(3) �X�?��ÅCþ§é��êk§¡mk = E[Xk]�X�k���

���:::ÝÝÝ. êÆÏ"´���:Ý.

(4) �X��ÅCþ§eE[X − E(X)]2�3§K¡E[X −
E(X)]2�X���§P�V ar(X)§=V ar(X) =

∫ +∞
−∞ [X−

E(X)]2dF (x).

(5) éü��ÅCþX,Y§eE{[X−E(X)][Y −E(Y )]}�
3§K¡��X�Y����§P�Cov(X,Y )§��Cov(X,Y ) =

E(XY )− E(X)E(Y ).

(6) �X�?��ÅCþ§é��êk§¡ck = E[X −
E[X]]k�X�k���¥¥¥%%%ÝÝÝ.��´���:Ý.
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(7)�X,Y�ü��ÅCþ§é��êk, l§¡E[X−E[X]]k[Y−
E[Y ]]l�X�k + l���···ÜÜÜ¥¥¥%%%ÝÝÝ.���´��·Ü¥%Ý.

~~~ 1.3.1 £��¯K¤3�gà¬¥§n�<ògC

�lf���m¥
§·Ü�z<�Å���"��ÅC

þXL«��gClf�<ê§¦X�Ï"Ú��.

)))µµµ��X�Ï"Ú��þ�1.

~~~ 1.3.2 e�ÅCþXÑl��©ÙN(0, σ2)§Ù

¥σ > 0§¦X�k��:ÝE(Xk).

)))µµµd�ÅCþ�¼ê�Ï"�¦{��µ

E(Xk) =

{
0, �k�Ûê�;

σk(k − 1)(k − 3) · · · 3.1,�k�óê�.
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§1.3.3 ÝÝÝ111¼¼¼êêê

½½½ÂÂÂ 1.3.2 e�ÅCþX�©Ù¼ê�FX(x), K¡

φX(t) = E[etX] =

∫
Ω

etX(ω)P (dω) =

∫ ∞
−∞

etxdFX(x)

(1.3.2)

�X�ÝÝÝ111¼¼¼êêê.

555µµµ X���Ý�Ý1¼ê�'X (b�éφ(t)¦�

�§¦�$��¦Ï"$��±��gS)

φ′(t) =E(XetX)

φ′′(t) =E(X2etX)

...

φ(n)(t) =E(XnetX)
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-t = 0, �� φ(n)(0) = E[Xn], n ≥ 1. �Ý1¼ê�3

�§§��/û½©Ù§Ïd·�U
^Ý1¼ê�x�

ÅCþ�VÇ©Ù.�k��ÅCþ�Ý1¼êØ�½�3§

3ù«�¹e§��B�´A�¼ê.

§1.3.4 AAA���¼¼¼êêê

½½½ÂÂÂ 1.3.3 e�ÅCþX�©Ù¼ê�FX(x), K¡

ψX(t) = E[eitX] =

∫
Ω

eitX(ω)P (dω) =

∫ ∞
−∞

eitxdFX(x)

�X�AAA���¼¼¼êêê. XJFXk�Ýf(x)§KψX(t)Ò´f(x)�

FourierC�

ψX(t) =

∫ ∞
−∞

eitxf(x)dx
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A�¼ê´��¢Cþ�E�¼ê§Ï�|eitx| = 1§¤

±§é��¢êtÑk½Â.A�¼êkXe~^5�µ

(1) k.5µ|ψ(t)| ≤ 1 = ψ(0);

(2) �Ýé¡5µψ(−t) = ψ(t);

(3) ��ëY5µ

|ψ(t+ h)− ψ(t)| ≤
∫ ∞
−∞
|eihx − 1|dF (x);

(4)�5C���^µ�Y = aX + b,KY�A�¼ê

´ψY (t) = eibtψX(at);

(5)ü��pÕá��ÅCþ�Ú�A�¼ê�u§�

�A�¼ê�È.

(6)�K½5µéu?¿���ên§?¿¢êt1, · · · , tn9
Eêλ1, · · · , λn§k

∑n
k=1

∑n
j=1ψ(tk − tj)λkλj ≥ 0.

(7) ��ÅCþXkn�Ý�3§K§�A�¼ê��
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©ng§��k ≤ n�§k

ψ(k)(0) = ikE[Xk]

AO/§A�¼ê��Xe��Cì.{��TaylorÐmµ

ψ(t) = 1 + itE[X] +
(it)2

2!
E[X2] + · · ·+

(it)n

n!
E[Xn] + o(t)

~~~ 1.3.3 ¦IO��©ÙN(0, 1)�A�¼ê.

)))µµµd½Â ψ(t) = 1√
2π

∫∞
−∞ e

itxe−x
2/2dx

l


ψ′(t) =
1
√

2π

∫ ∞
−∞

ixeitxe−x
2/2dx

=
i
√

2π

∫ ∞
−∞

eitxd(−e−x2/2)

=−
i
√

2π

(
eitx−x

2/2|∞−∞ + t

∫ ∞
−∞

eitxe−x
2/2dx

)
=−tψ(t)
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)Ð�¯Kψ′(t) + tψ(t) = 0, ψ(0) = 1 � ψ(t) = e−
1
2
t2.

~~~ 1.3.4 ¦��©Ù N(µ, σ2) �A�¼ê.

):� Y ∼ N(µ, σ2)§X ∼ N(0, 1)§Kk Y = σX +

µ.

|^5�(4)k ψY (t) = eitµψX(σt) = eiµt−
1
2
σ2t2.

~~~ 1.3.5 b��ÅCþXÑlëê�λ�Ñt©Ù§

¦X�A�¼ê§¿dA�¼ê¦X�Ï"Ú��.

))):X�A�¼ê�eλ(eit−1)¶�dA�¼ê�Ý�'X

��Ï"Ú��þ�λ.

duA�¼ê��©Ù¼êk'§¤±¡�©Ù�A�

¼ê. ,��¡, keã½n.

½½½nnn 1.3.1 (������555½½½nnn) ©Ù¼êdÙA�¼ê�
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�û½.

l
`²A�¼ê�©Ù¼ê´�p��(½�.

e�Å�þ(X1, · · · , Xn)�©Ù¼ê�F (x1, · · · , xn)§
��ÅCþ��§aq/½Â§�A�¼ê

ψ(t1, · · · , tn) =

∫ ∞
−∞
· · ·
∫ ∞
−∞

ei(t1x1+···+tnxn)dF (x1, · · · , xn)

�±aqu���|Ü§ïáån�A�¼ê�nØ.

~X§·��Ä3þ1.2!¥½Â� d���©Ù§{

¡�õ���©Ù§ù�½Â3í�éõ5��¿Ø�B§

Ó��ØU�ÄΣØ´�½��/§�d§·�æ^e¡�

½Â. XJ�ÅCþX �A�¼ê�

ψX(t) = exp{it′µ−
1

2
t′Σt}

K¡XÑlõ���©ÙN(µ,Σ).Ù¥X = (X1, · · · , Xc)′§
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(·)′L«(·)�=�§ t = (t1, · · · , td)′, µ = (µ1, · · · , µd)′§
Σ´�K½d × dÝ
. �µ = 0§ Σ = Id�§¡�IOõ

���©Ù§P�X ∼ N(0, Id).

|^A�¼ê�{ØJy²e¡A�·Kµ

···KKK 1.3.1 eX ∼ N(0, Id)§KX�?��5¼êY =

An×dX + µ Ñln���©ÙN(µ,AA′).

···KKK 1.3.2 eY ∼ N(µ,Σ)§KAY + b ∼ N(Aµ+

b,AΣA′).
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§1.4 ÂÂÂñññ555

½½½ÂÂÂ 1.4.1 (1) �{Xn, n ≥ 1}´�ÅCþS�§e�
3�ÅCþX¦�

P{ω ∈ Ω : X(ω) = lim
n→∞

Xn(ω)} = 1

K¡�ÅCþS�{Xn, n ≥ 1}AAA���777,,,ÂÂÂñññ(½±±±VVVÇÇÇ1ÂÂÂ

ñññ)uX§P� Xn→ X, a.s.½Xn
a.s.−→ X.

(2) �{Xn, n ≥ 1}´�ÅCþS�§e�3�ÅC
þX¦� ∀ε > 0,k

lim
n→∞

P{|Xn −X| ≥ ε} = 0

K¡�ÅCþS�{Xn, n ≥ 1}���VVVÇÇÇÂÂÂñññuX§P�Xn
P−→

X.
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(3) ��ÅCþS�{Xn} ⊂ Lp, p ≥ 1,X ∈ Lp§ek

lim
n→∞

E[|Xn −X|p] = 0

K¡�ÅCþS�{Xn, n ≥ 1}pggg²²²þþþÂÂÂñññuX,½¡{Xn}3
Lp¥rrrÂÂÂñññuX. �p = 2�§¡�þþþ���ÂÂÂñññ.

(4)�{Fn(x)}´©Ù¼ê�§XJ�3��üNØ~¼
êF (x),¦�3F (x)�¤këY:xþþk

lim
n→∞

Fn(x) = F (x)

K¡{Fn(x)}fffÂÂÂñññuF (x)§P�Fn(x)
W−→ F (x).

��ÅCþXn, X�©Ù¼ê©O�Fn(x)9F (x)§e

Fn(x)
W−→ F (x)§K¡{Xn}���©©©ÙÙÙÂÂÂñññuX§P�Xn

L−→
X.

½½½nnn 1.4.1 (1) �ÅCþS�Xn
a.s.−→ X�¿©7�
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^�´ ∀ε > 0§

lim
n→∞

P{sup
m≥n
|Xm −X| ≥ ε} = 0

(2) �ÅCþS�Xn
P−→ X�¿©7�^�´{Xn}�

?¿fS�Ñ�¹A�7,ÂñuX�fS�.

�ÅCþS��ù4«Âñ5�m�'X�±o(�e

¡�'Xãµ

A�7,Âñ=⇒�VÇÂñ=⇒�©ÙÂñ¶

pg²þÂñ=⇒ �VÇÂñ=⇒�©ÙÂñ.

555: A�7,Âñ�p�ÝÂñ�mvk%¹'X.

~~~ 1.4.1 �Ω = (0, 1],F�(0, 1]¥�NBorelf8¤

�¤�σ-�ê, P�LebesgueÿÝ,·��±�EÑ2��Å
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CþS�,Ù¥��´r�ÝÂñ�,�´ØA�7,Âñ; ,

	��KA�7,Âñ, �Ø´r�ÝÂñ�.

-

Y11 = 1; Y21 =

{
1, ω ∈ (0, 1

2
]

0, ω ∈ (1
2
, 1]

Y22 =

{
0, ω ∈ (0, 1

2
]

1, ω ∈ (1
2
, 1]

��/§ò(0, 1]©¤k ���«m§¿�-

Yki =

{
1, ω ∈ (i−1

k
, i
k
]

0, ω /∈ (i−1
k
, i
k
]
i = 1, · · · , k, k = 1, 2, · · · .

½Â�ÅCþS�

X1 = Y11, X2 = Y21, X3 = Y22, X4 = Y31, X5 = Y32, · · · .
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é?¿ε > 0, du

E|Yki − 0|r =
1

k
→ 0, (k →∞)

��{Xn}�r�ÝÂñ§�´é?¿�½�ω ∈ Ω,?�g,

êk§Tk��i§¦�Yki(ω) = 1, 
éÙ{�jkYkj(ω) =

0. dd� {Xn(ω)}¥kÃ¡õ�19Ã¡õ�0§u´

{Xn(ω)}éz�ω ∈ Ω ÑØÂñ.

XJ�

Zn =

{
n

1
r , eω ∈ (0, 1

n
]

0 , eω /∈ (0, 1
n
]

Z = 0, ∀ω ∈ Ω

´�§Zn(ω)→ Z(ω) ∀ω ∈ Ω, ¤±

Zn→ Z, a.s.
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�´E(|Zn − Z|r) = n · 1
n

= 1 6→ 0.

e¡·��ÑÈ©Òe�4��n�Ä�½n.

½½½nnn 1.4.2 (üüüNNNÂÂÂñññ½½½nnn) �fn ∈ L�È©�3§
n ≥ 1§Kµ

(1)�fn ↑ f, a.s.,e
∫

Ω f1dP > −∞§Kf�È©�3§
�
∫

Ω fndP ↑
∫

Ω fdP ;

(2)�fn ↓ f, a.s.,e
∫

Ω f1dP < ∞§Kf�È©�3§
�
∫

Ω fndP ↓
∫

Ω fdP .

½½½nnn 1.4.3 (FatouÚÚÚnnn) ��ÅCþS�{Xn}�Ï
"�3,n ≥ 1,K

E[lim inf
n→∞

Xn] ≤ lim inf
n→∞

E[Xn] ≤ lim sup
n→∞

E[Xn] ≤ E[lim sup
n→∞

Xn]

½½½nnn 1.4.4 (Lebesgue������ÂÂÂñññ½½½nnn)�fn, f ∈ L§
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fn
a.s.−→ f½fn

P−→ f .e�3��K�È¼êg§¦�∀n ≥
1k|fn| ≤ g, a.s.§Kf�È§�klimn→∞

∫
Ω fndP =

∫
Ω fdP .
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§1.5 ÕÕÕááá555���^̂̂���ÏÏÏ"""

§1.5.1 ÕÕÕááá555

½½½ÂÂÂ 1.5.1 (1) �A,B�ü�¯�§eP (A
⋂
B) =

P (A)P (B)§K¡A�BÕá.���/§�A1, A2, · · · , An�n�

¯�§XJé?Ûm ≤ n91 ≤ k1 < k2 < · · · < km ≤ n§

k

P (
m⋂
j=1

Akj) =
m∏
j=1

P (Akj)

K¡A1, A2, · · · , An�pÕá. A1, A2, · · · , AnüüÕáØ�

½�pÕá.

(2) �{Ai, i ∈ I}´�x¯�§e éI�?¿k�f
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8{i1, · · · , ik} 6= ∅k

P (
k⋂
j=1

Aij) =
k∏
j=1

P (Aij) (1.5.1)

K¡{Ai, i ∈ I}´�pÕá�.

(3) �{Ai, i ∈ I}´�x¯�a§XJéI�?¿k�
f8{i1, · · · , ik} 6= ∅§?¿Aij ∈ Aij k(1.5.1)ª¤á§K

¡{Ai, i ∈ I}´ÕÕÕááá¯̄̄���aaa.

(4) �{Xi, i ∈ I}´Ωþ�x�ÅCþ§XJσ�ê

x{σ(Xi), i ∈ I} ´Õá¯�a§K¡{Xi, i ∈ I}���pppÕÕÕ
ááá.

N´y²�ÅCþX1, · · · , XnÕá�¿©7�^�´§

��éÜ©Ù¼ê�±©)�

F (x1, · · · , xn) = FX1(x1) · · ·FXn(xn)
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½½½nnn 1.5.1 (1)��ÅCþX1, · · · , Xn ∈ L1´Õá

�§K E[Πn
k=1Xk] = Πn

k=1E[Xk].

(2)��ÅCþX1, · · · , Xn ∈ L2´Õá�§K V ar[
∑n

k=1Xk] =∑n
k=1 V ar[Xk].

½½½nnn 1.5.2 (Borel-Cantelli111���ÚÚÚnnn)

�{An, n ≥ 1}´��¯�§e
∑∞

n=1P (An) < ∞§K
P (An, i.o.) = 0.

½½½nnn 1.5.3 (Borel-Cantelli 111���ÚÚÚnnn)

�{An, n ≥ 1}´�Õá�¯��§e
∑∞

n=1P (An) =

∞§KP (An, i.o.) = 1.

½½½ÂÂÂ 1.5.2 �{Xn, n ≥ 1}´�ÅCþS�§Dk =

σ(Xk, Xk+1, · · · )´dXk, Xk+1, · · ·)¤�σ�ê§K{Dk}´
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�O��§§���D = ∩n≥1Dn¡�S�{Xn, n ≥ 1} �
���σ���êêê§D¥���¡�{Xn, n ≥ 1}����¯̄̄���.

½½½nnn 1.5.4 (Kolmogorov 0-1ÆÆÆ)

Õá�ÅCþS���¯��VÇ½�0½�1.

§1.5.2 ÕÕÕááá���ÅÅÅCCCþþþÚÚÚ���©©©ÙÙÙ

��ÅCþX1, X2�pÕá§F1, F2©O�§��©Ù

¼ê.-X = X1 + X2,Ù©Ù¼êP� FX(x). KdÕá
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5,k

FX(x) =P{X1 +X2 ≤ x}

=

∫ ∞
−∞

P{X1 +X2 ≤ x|X1 = t}dF1(t)

=

∫ ∞
−∞

F2(x− t)dF1(t)

(1.5.2)

þã1n��Òmà¡�©Ù¼êF1, F2�òÈ§P�F1 ∗
F2(x).��/ék.¼êg(x)Ú��üN¼êF (x)§Ñ�±

½ÂF�g�òÈ:

F ∗ g(x)
∆
=

∫ ∞
−∞

g(x− t)dF (t)

ùpI�5¿�´F ∗ g�^S§g ∗ F�Uvk¿Â.�´

�FÚgÑ´©Ù¼ê�§òÈ�±��^S. �I5¿�ò
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È¥��ÅCþX1ÚX2�/ ´é��=���

F1 ∗ F2(x) = F2 ∗ F1(x)

Ø�Xd§N´wÑ§éu©Ù¼ê§òÈ�÷v(ÜÆÚ

©�Æ. =�F,G,H�©Ù¼ê§Kk

(F ∗G) ∗H(x) = F ∗ (G ∗H)(x)

F ∗ (G+H)(x) = F ∗G(x) + F ∗H(x)

u´§�?�Ú�k§�Xk, k = 1, 2, · · · , n´ÕáÓ©
ÙF��ÅCþ§- S0 = 0, Sn =

∑n
k=1Xk, n = 1, 2, · · · ,

Sn�©ÙP�Fn§Kk

F0(x) =

{
0, x < 0

1, x ≥ 0

Fn(x) = F ∗ Fn−1(x), n = 1, 2, · · ·
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¡Fn�F�n­òÈ.

§1.5.3 ^̂̂���ÏÏÏ"""

�B´��¯�§�P (B) > 0.K¯�Bu)�^�e

¯�Au)�^̂̂���VVVÇÇÇ�

P (A|B) = P (A ∩B)/P (B)

(���VVVÇÇÇúúúªªª)�{Bn}´Ω���©�§�¦�P (Bn) >

0, ∀n.XJA ∈ F§K

P (A) =
∑
n

P (Bn)P (A|Bn)

(Bayesúúúªªª)�{Bn}´Ω���©�§�¦�P (Bn) >
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0, ∀n§XJP (A) > 0§K

P (Bk|A) =
P (Bk)P (A|Bk)∑
nP (Bn)P (A|Bn)

, n ≥ 1

XJX�Y´lÑ.�ÅCþ§é��¦�P{Y =

y} > 0�y§�½Y = y�§X�^�VÇ½Â�µ

P{X = x|Y = y} =
P{X = x, Y = y}

P{Y = y}
X�^�©Ù½Â�µ

F (x|y) = P{X ≤ x|Y = y}

X�^�Ï"½Â�µ

E[X|Y = y] =

∫
xdF (x|y) =

∑
x

xP{X = x|Y = y}

XJX�YkéÜVÇ�Ý¼êf(x, y)§Ké��¦�
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fY (y) ≥ 0�y§�½Y = y�§X�^�VÇ�Ý¼ê

½Â�:

f(x|y) =
f(x, y)

fY (y)

X�^�©Ù½Â�µ

F (x|y) = P{X ≤ x|Y = y} =

∫ x

−∞
f(x|y)dx

X�^�Ï"½Â�µ

E[X|Y = y] =

∫
xdF (x|y) =

∫
xf(x|y)dx

·�±E[X|Y ]L«�ÅCþY�¼ê§§3Y = y�§

���E[X|Y = y].^�Ï"���­�5�´é���Å

CþX ÚY§�Ï"�3�§k

E[X] = E[E[X|Y ]] =

∫
E[X|Y = y]dFY (y) (1.5.3)
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�Y���lÑ�ÅCþ�§(1.5.3)ª�

E[X] =
∑
y

E[X|Y = y]P{Y = y}

�Y���ëY�ÅCþ�§(1.5.3)ª�

E[X] =

∫ +∞

−∞
E[X|Y = y]f(y)dy

~~~ 1.5.1 (���ÅÅÅ������ÅÅÅCCCþþþ���ÚÚÚ)�X1, X2, · · ·´��
�XÕáÓ©Ù��ÅCþ¶�N���K���ÅCþ§

��S�X1, X2, · · ·Õá.¦Y =
∑N

i=1Xi�þ�Ú��.

))) Äk3éN�^���¹e5O�Y =
∑N

i=1Xi�

Ý1¼ê§=

E[exp{t
N∑
i=1

Xi}|N = n] = E[exp{t
N∑
i=1

Xi}] = (φX(t))n



56/62

‖J I‖

J I

GoBack

FullScreen

Close

Quit

Ù¥φX(t)´�ÅCþX�Ý1¼ê§Ïd

E[exp{t
N∑
i=1

Xi}|N ] = (φX(t))N

l


φY (t) = E[exp{t
N∑
i=1

Xi}] = E[(φX(t))N ]

y3éφY (t)¦��

φ
′

Y (t) = E[N(φX(t))N−1φ
′

X(t)]

2¦�g�ê�

φ
′′

Y (t) = E[N(N−1)(φX(t))N−2(φ
′

X(t))2+N(φX(t))N−1φ
′′

X(t)]

O�3t = 0:��§�

E[Y ] = E[NE[X]] = E[N ]E[X] (1.5.4)
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9

E[Y 2] = E
[
N(N − 1)(E[X])2 +NE[X2]

]
= E[N ]V ar[X]+E[N2](E[x])2

Ïdk

V ar[Y ] = E[Y 2]−(E[Y ])2 = E[N ]V ar[X]+(E[x])2V ar[N ]

(1.5.5)

~~~ 1.5.2 ��¶ó�?��kn���¶³"1��

�Ï�����§÷d��r2���À§¦���S�/¶

1���Ï�,����§÷d��r3���À§¬¦¦

£�¶³¶1n��Ï�����§÷d��r5 ���À

§¬¦¦£�¶³"b½¶óo´��U/À�?¿��

�§^XL«¶ó��S�1¤I��m§¦X�þ�9Ý

1¼ê"
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)))µµµ�ÑX�©Ù�é(J§�Ã{��¦Ùþ�"

-YL«¶ó1�ÀJ��§K{Y = i}L«1�gÀJ
1i��§dK¿�

p{Y = 1} = P{Y = 2} = P{Y = 3} =
1

3

E[X] =E[E(X|Y )]

=
1

3
{E[X|Y = 1] + E[X|Y = 2] + E[X|Y = 3]}

=
1

3
{2 + 3 + E[X] + 5 + E[X]}

�kE[X] = 10.

E[etX] =E[E(etX|Y )]

=
1

3
{E[etX|Y = 1] + E[etX|Y = 2] + E[etX|Y = 3]}
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´�E[etX|Y = 1] = e2t¶

�Y = 2�§X = 3 +X
′
§Ù¥X

′
´£�¶³�2��S�

«¤N\��m§X�X
′
k�Ó�©Ù§�k

E[etX|Y = 2] = E[et(3+X
′
)] = e3tE[etX]

Ón��

E[etX|Y = 3] = E[et(5+X
′
)] = e5tE[etX]

=�

E[etX] =
e2t

3− e3t − e5t
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��·�ò^�Ï"í2����ÅCþ9σ�ê�/.

�X´�ÅCþ§B´¯��P (B) > 0§K�½¯

�B§�ÅCþX�^�Ï" ½Â�

E[X|B] =

∫
XdPB = [P (B)]−1

∫
B

XdP = [P (B)]−1E[XIB]

½½½ÂÂÂ 1.5.3 �X´�ÅCþ�E[|X|] < ∞.eéz�

fσ�êG ⊂ F§�3���(A�7,���¿Âe)�Å

CþX∗§kE[|X∗|] <∞§¦�X∗ ´G�ÿ�ÅCþ(=é

?Û� a ∈ R §k{X∗ ≤ a} ∈ G)§�

E[X∗IB] = E[XIB], ∀B ∈ G

K¡�ÅCþX∗�X3�½Ge�^̂̂���ÏÏÏ"""§P�X∗ =

E[X|G].= ∫
B

E[X|G]dP =

∫
B

XdP, ∀B ∈ G
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½½½nnn 1.5.5 ^�Ï"kXeÄ�5�µ

(1) E[E[X|G]] = E[X].

(2) eX´G�ÿ§KE[X|G] = X, a.s..

(3) �G = {∅,Ω}§KE[X|G] = E[X], a.s..

(4) E[X|G] = E[X+|G]− E[X−|G], a.s..

(5) eX ≤ Y, a.s.§KE[X|G] ≤ E[Y |G], a.s..

(6) ea, b�¢ê§X,Y, aX + bY�Ï"�3, K

E[aX + bY |G] = aE[X|G] + bE[Y |G], a.s.

XJm>Úªk¿Â.

(7) |E[X|G]| ≤ E[|X||G], a.s..

(8) �0 ≤ Xn ↑ X, a.s.§KE[Xn|G] ↑ E[X|G], a.s..

(9) �X9XY�Ï"�3§�Y�G�ÿ§K

E[XY |G] = Y E[X|G], a.s.
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(10) eX�G�pÕá(=σ(X)�G�pÕá)§Kk

E[X|G] = E[X], a.s.

(11) eG1,G2 ´ü�fσ�ê§¦�G1 ⊂ G2 ⊂ F, K

E[E[X|G2]|G1] = E[X|G1], a.s.

(12) eX,Y´ü�Õá��ÅCþ§¼êg(x, y)¦

�E[|g(X,Y )|] < +∞§Kk

E[g(X,Y )|Y ] = E[g(X, y)]|y=Y , a.s.

ùpE[g(X, y)]|y=Y�¿Â´§kòyÀ�~ê§¦�êÆÏ

"E[g(X, y)] �2ò�ÅCþY�\�y� �.


